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We aim for an integration of ML and optimization tools
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Artificial neural networks with ReLU activation[1]

[1] Glorot, X., Bordes, A., & Bengio, Y. (2011). Deep sparse rectifier neural networks. JMLR Workshop and Conference Proceedings. [2] Arora, R., Basu, A., Mianjy, P., Mukherjee, A.: Understanding

deep neural networks with rectified linear units. arXiv preprint arXiv:1611.01491 (2016) [3] Activation function dance: https://sefiks.com/2020/02/02/dance-moves-of-deep-learning-activation-functions

“ReLU” = Rectified Linear Unit

[3] 

𝑓𝑅𝑒𝐿𝑈 𝑢 = max(𝑢, 0)

model any continuous piecewise linear function[2]

approximate any continuous function to any given accuracy
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Optimization over trained ReLU artificial neural networks 

as Mixed-Integer Linear Problem

min 𝑓𝑁+1(𝐱𝑁)

s.t. 𝑥𝑖,𝑗 ≥ 𝑓 𝐱i−1

𝑥𝑖,𝑗 ≤ 𝑓 𝐱𝑖−1 −𝑀𝑖,𝑗
− 1 − 𝑧𝑖,𝑗

𝑥𝑖,𝑗 ≤ 𝑀𝑖,𝑗
+ 𝑧𝑖,𝑗

𝑥𝑖,𝑗 , 𝑧𝑖,𝑗 ∈ 0,𝑀𝑖,𝑗
+ × 0,1

𝑥0,𝑗∈ 𝐿0,𝑗 , 𝑈0,𝑗 , ∀𝑗=1…𝑚0

∀𝑖=1…𝑁,𝑗=1…𝑚𝑖
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Optimization over trained ReLU artificial neural networks

[1] Anderson et. al (2019) https://arxiv.org/abs/1811.01988v2 [2] Tjeng et. al (2019) http://arxiv.org/pdf/1711.07356v3 [3] Fischetti et. al (2018) http://doi.org/10.1007/s10601-018-

9285-6 [4] Grimstad et. al (2019) http://arxiv.org/pdf/1907.03140v3 [5] Tsay, C., Kronqvist, J., Thebelt, A., & Misener, R. (2021). arXiv preprint arXiv:2102.04373.

min 𝑓𝑁+1(𝐱𝑁)

s.t. 𝑥𝑖,𝑗 ≥ 𝑓 𝐱i−1

𝑥𝑖,𝑗 ≤ 𝑓 𝐱𝑖−1 −𝑀𝑖,𝑗
− 1 − 𝑧𝑖,𝑗

𝑥𝑖,𝑗 ≤ 𝑀𝑖,𝑗
+ 𝑧𝑖,𝑗

𝑥𝑖,𝑗 , 𝑧𝑖,𝑗 ∈ 0,𝑀𝑖,𝑗
+ × 0,1

𝑥0,𝑗∈ 𝐿0,𝑗 , 𝑈0,𝑗 , ∀𝑗=1…𝑚0

∀𝑖=1…𝑁,𝑗=1…𝑚𝑖

𝑧 = 0 𝑧 = 1

𝑓 𝑥 = 𝑥

for 𝑧 = 1

 ‘Big-M’ formulation[1,2] : not sharp

 progressive bounds tightening[2,3,4]

 Ideal formulations[1] : additional constraints or auxiliary variables

 Partition-Based Formulations[5]
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Optimization-based bound tightening (OBBT)[1,2]

[1] Tjeng et. al (2019) http://arxiv.org/pdf/1711.07356v3 [2] Grimstad et. al (2019) http://arxiv.org/pdf/1907.03140v3

• Solve two subproblems for each node to determine 𝑀−/𝑀+

subproblems node 𝑘, 1 :
𝑀𝑘,1

+ = max 𝑓𝑘,1 𝒙𝒌−𝟏
𝑀𝑘,1

− = min 𝑓𝑘,1 𝒙𝒌−𝟏

𝑥𝑘,3

𝑥𝑘,1

𝑥𝑘,2

layer k-1 layer k

𝑥𝑘−1,1

𝑥𝑘−1,2

Big-M constraints for node (𝑘, 1):

𝑥𝑘,1 ≥ 𝑓 𝐱𝐤−𝟏

𝑥𝑘,1 ≤ 𝑓 𝐱𝐤−𝟏 −𝑀𝑘,1
− 1 − 𝑧𝑘,1

𝑥𝑘,1 ≤ 𝑀𝑘,1
+ 𝑧𝑘,1

𝑥𝑘,1, 𝑧𝑘,1 ∈ 0,𝑀𝑘,1
+ × 0,1

1. Solve to optimality

2. Solve with time limit

3. Solve LP relaxation

Root LP relaxation obtained by OBBT 

compared to Interval Arithmetic (FBBT)



8| reluMIP | Lueg, Grimstad, Mitsos, Schweidtmann | October 26, 2021

Open-source software reluMIP



9| reluMIP | Lueg, Grimstad, Mitsos, Schweidtmann | October 26, 2021

Using reluMIP in Python 

tf_model = tf.keras.models.load_model('data/peaks_3x10.h5')
opt_model = gurobipy.Model()
ann_model = reluMIP.AnnModel(tf_model=tf_model, modeling_language='GUROBI')

ann_model.connect_network_input(opt_model, input_vars)
ann_model.connect_network_output(opt_model, output_vars)

ann_model.embed_network_formulation(bound_tightening_strategy='LP')

opt_model.setObjective(output_vars[0], grb.GRB.MINIMIZE)

opt_model.optimize()
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MILP vs. NLP – deep networks
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MILP vs. NLP – deep networks
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Conclusions

• Trained ReLU ANNs can be formulated as Mixed-Integer 

Linear Problems (MILPs)

• The ReLUMIP tool integrates machine learning software for 

training with optimization solvers
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